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and Synthetic Inclination Maps for In-Surveillance
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Abstract—This paper presents an algorithm for in-surveillance
and out-of-surveillance mobile ground target tracking. In this respect, a nonlinear Bayesian estimation filter is presented. Then, an
adaptive algorithm is derived to reduce remarkably the computational burden of this filter, while not degrading the accuracy of the
state estimates. Additionally, an algorithm employing the concepts
of hospitability and synthetic inclination maps is introduced and
is coupled with the nonlinear Bayesian filter to track the mobile
ground target once it goes out-of-surveillance. Loosely speaking,
the hospitability map can be viewed as a terrain-based map defining a likelihood or a “weight” for each point on the earth’s surface
proportional to the ability of the target to move and maneuver
at that location. On the other hand, the synthetic inclination map
describes how the target favors certain regions within the search
area, hence being “synthetically” inclined to move toward them.
Index Terms—Estimation, Fokker–Planck equations, nonlinear
filters, terrain mapping, tracking.

I. INTRODUCTION
RADITIONAL target-tracking algorithms are based on
Kalman filters (KFs), extended KFs (EKFs), or similar
weighted-sum Gaussian filters, which inherently assume that the
target dynamics is linear or can be approximated by a linearized
model [1]. However, real-world target tracking experiences
tell us that target dynamics are typically nonlinear, terraindependent, and behavior-dependent. Many mobile sensor systems, e.g., aerial uninhabited autonomous vehicles (UAVs), have
limited sensing capabilities, due to spatially restricted footprints
and physical motion constraints. Consequently, a mobile ground
target can be in-surveillance and out-of-surveillance frequently.
In order for the mobile sensor system to take good observations
of the mobile target, the mobile sensor must plan its route according to its prediction of the target state. Therefore, maintaining good predictions before taking observations is as important
as generating filtered estimates when observations are available.
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It is not straightforward to fuse various useful tracking information, such as nonlinear complex target models, knowledge of
the environment, and knowledge of the target behavior and “inclinations” in most traditional KF-like tracking approaches. To
mitigate the difficulty in modeling complex target dynamics, interactive multiple model (IMM) filters were proposed [2]. In the
IMM algorithm, a finite number of explicit models are chosen to
jointly represent the target system. Consequently, the target state
estimate is generated as a weighted sum of the outcomes of KFs
or EKFs. Although IMM filters have proven to be successful
in many tracking applications, it is difficult to straightforwardly
extend them to the mobile sensor tracking scenario dealt with in
this paper. This is due to two reasons. First, since the IMM algorithm prediction stage only runs right before a new observation is
available, as the time interval between consecutive observations
increase, the prediction degrades very quickly. Second, each KF
or EKF in the IMM approach requires a linear or a linearizable
system model. Consequently, nondetection information cannot
be utilized directly into the IMM filter.
This has led to regained interest in alternative filtering techniques, such as particle filtering [3], [4] and nonlinear Bayesian
filtering [5]–[10]. These alternative filtering techniques are being coupled with useful additional, possibly nonanalytic, target,
and environment information. Among the earlier algorithms
that incorporated terrain-based information into tracking mobile targets is the work by Reid and Bryson [11]. The Reid and
Bryson model represented the terrain as a grid such that each
cell has eight adjacent neighboring cells. For each grid cell,
eight terrain factors (one per adjacent grid cell) were precalculated. These terrain factors represented the estimated modification to target velocity to each adjacent grid cell. Nougues
utilized Reid and Bryson’s work as a foundation to demonstrate
that for tracking a single vehicle, the KF lacks the ability to integrate terrain constraints [12]. Nougues used terrain information
to create a potential surface and then utilized the surface to integrate terrain information beyond the eight adjacent grid cells.
Sobiesk et al. presented a method for improving the performance
of Nougues’ algorithm for tracking multiple vehicles moving
across terrain [13]. They further demonstrated that parallel programming techniques made the calculation of the probability
densities involved feasible. Sodtke and Llinas considered the
problem of different observation rates and a terrain-based tracking algorithm was presented and compared with the KF [14].
Several different approaches have been proposed to track
targets moving on road networks. Yang et al., for instance,
treated the problem of air-to-ground surveillance of targets
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moving along road networks in the constrained estimation
framework [15]. Ulmke and Koch studied the case of several
intersecting roads within the IMM framework [16]. Tang and
Ozguner [17] proposed an algorithm for coupling particle filters
(PFs) with terrain-based maps to track known targets, whereas
Sidenbladh and Wirkander presented a PF formulation for tracking an unknown and varying number of vehicles in terrain [18].
PFs have a major disadvantage in that they are extremely
computationally expensive, because thousands of particles are
needed to maintain certain accuracy in tracking applications
[19]. This makes existing PFs impossible for real-time applications. Aimed at reducing the computational complexity, adaptive
PFs have been developed to automatically determine the number of particles by bounding approximation errors with a predefined threshold [20]. Limited computational savings have been
achieved by adaptive PFs. Motivated by reducing the computational burden further, an adaptive IMM–PF has been developed,
where the state space is densely partitioned in high-density region(s) and coarsely partitioned in low-density region(s) to meet
the error bound at an earlier stage with less particles [21]. On the
basis of the premise that in most surveillance tracking applications, targets do not maneuver significantly most of the time, a
multirate IMM–PF was proposed for even more computational
savings [22].
This paper tackles the problem of target tracking in the nonlinear Bayesian filtering framework, where the state evolution is
governed by the Fokker–Planck–Kolmogorov equation (FPKE).
In nonlinear Bayesian filtering, the whole probability density
function (pdf) of the target state is maintained, rather than
just the first- and second-order moments as in the KF-like approaches. This premise yields better prediction and estimation
of the target states and provides invaluable flexibility for modeling purposes as will be exploited in this paper. We extend the
work developed in [6], [7], and [23]. In particular, two problems
are studied. The first problem assumes the following scenario.
In a given search area, a UAV detects a mobile ground target
using its own sensor(s). While the target is in-surveillance, the
UAV makes several noisy observations of the target. These observations are inputted to a real-time nonlinear Bayesian filter,
which produces optimal target state estimates. The optimality
criterion is defined here in the minimum mean square error
(MMSE) sense. Nonlinear Bayesian filters are inherently computationally exhaustive. To overcome this problem, an adaptive
algorithm will be derived to reduce remarkably the computational burden of this filter, while not degrading the accuracy of
the state estimates.
The second problem assumes the following scenario. Some
time after the ground target was in-surveillance, the same or
another UAV views the target area again, but the target is not
detected this time. There are three possibilities that could explain this discrepancy: 1) the first set of observations were not
accurate enough, i.e., it was a false detection, 2) the target is
still there, but the second UAV could not detect it, i.e., it was
a misdetection, and 3) the target has moved away. We will assume that the target has moved away. Since the target has moved
away, where should we look for it? Traditional estimation filters
based on historic kinematics information alone may not work

well [6], [8]. The target kinematics information could be diluted
quickly as the radius of possible target locations from that of the
first set of observations gets bigger. However, the previous kinematics (target route history) at least provide a center location
for future possible target locations. The proposed estimation
algorithm employs the knowledge gained from the first set of
observations taken by the UAV and the concepts of hospitability
maps (HMaps) and synthetic inclination maps (SIMaps) embedded into the optimal nonlinear Bayesian filter that was derived
for the in-surveillance case. The HMap can be defined as a gridded spatial terrain-based map describing the effect of different
terrain surfaces on the mobility and localization of the target
objects [6], [24]. On the other hand, the SIMap describes the
behavior of the target by capturing how the target favors certain regions within the search area, hence being “synthetically”
inclined to move toward them [7], [23].
The rest of this paper is organized as follows. Section II
presents the design of a general optimal nonlinear Bayesian filter. It also outlines an adaptive algorithm that will reduce the
computational burden of the filter remarkably, while not degrading the accuracy of the state estimates. Sections III and
IV introduce the concepts of HMaps and SIMaps, respectively.
Section V couples the concepts presented in Sections II–IV
into a dual-mode algorithm for in-surveillance and out-ofsurveillance target state estimation. Section VI illustrates the
concepts presented in this paper by deriving the algorithm to
a particular example problem and presents the accompanying
simulations and results. Concluding remarks and future work
are discussed in Section VII.
II. OPTIMAL NONLINEAR BAYESIAN ESTIMATION FILTER
DESIGN
A. System Definition
The target dynamics will be modeled by the Itô stochastic
differential equation, given by
dx(t) = f [x(t), t]dt + G[x(t), t]dβ(t),

t ∈ [t0 , T ] (1)

where x(t) ∈ R is the target state vector, f [x(t), t]1 ∈ Rn is a
linear or a nonlinear vector-valued function of the state variables,
G[x(t), t] ∈ Rn ×r , and {β(t), t ≥ t0 } ∈ Rr is a vector of independent Brownian motion processes with E{dβ(t)dβ T (t)} =
Q(t)dt.
The UAV makes observations on this target that are taken at
discrete-time instants tk according to
n

zt k = h[xt k , tk ] + vt k ,

k = 0, 1, 2, . . .

(2)

where zt k ∈ Rm is the observation vector, h[xt k , tk ] ∈ Rm is
a linear or a nonlinear vector-valued function of the states of
the stochastic dynamical system (SDS), and vt k is a zero-mean
white Gaussian noise process with covariance matrix Rt k ∈
Rm ×m > 0.
It will be assumed that the initial pdf of the SDS defined in
(1) to be known and that it is once continuously differentiable
with respect to time t, and twice continuously differentiable
1 f [x(t), t] = [f

1 [x(t), t], . . . , fn [x(t), t]]

T,

x(t) = [x1 (t), . . . , xn (t)]T .
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with respect to the state variable x(t). In addition, it will be
assumed that the function h[xt k , tk ] in (2) is continuous in both
arguments, t and x(t), and to be bounded for each tk with
probability 1. Moreover, the initial state x(t0 ), the system noise
β(t), and the measurement noise vt k are assumed to be all
mutually independent. Finally, it will be assumed that (1) has a
solution on [t0 , T ] in the mean square sense [25].
B. Filter Predictor and Corrector Equations
Given this SDS with the stated assumptions, it can be shown
that between observations, the conditional pdf p [x(t), t|Zt k ]2
satisfies the FPKE [25], which is described by the diffusion
process given by the partial differential equation (pde)
n
n n

∂
∂
∂
1 
p =−
{pfi }+
{p (GQGT)ij }
∂t
∂x
2
∂x
∂x
i
i
j
i=1
i=1 j =1

(3)
where the following shorthand notation has been used in
(3), p = p [x(t), t|Zt k −1 ], fi = fi [x(t), t], G = G[x(t), t], and
Q = Q(t). The term (GQGT )ij stands for the ijth element of
the matrix product. Whenever a new observation, zt k , at time tk
becomes available, the conditional pdf p [x(t), t|Zt k −1 ] needs to
be updated to the new pdf p [x(t), t|Zt k ]. This can be accomplished by applying Bayes’ rule, which is given as
p [x(t), t|Zt k ] = 

p [x(t), t|Zt k −1 ] p [zt k |x(t)]
p [x(t), t|Zt k −1 ] p [zt k |x(t)] dx(t)

(4)

where the term p [zt k |x(t)] in (4) can be evaluated from
p [zt k |x(t)] =

1
(2π)

m /2

|Rt k |1/2

T

e

−(1/2) [z t k −h ] R −1
t [z t k −h ]
k

where h = h[xt k , tk ]. Essentially, (3) and (4) constitute the predictor and corrector equations, respectively, of the nonlinear
Bayesian filter. The mean of the conditional pdf in (4) with respect to the state variable yields the optimal state estimate in a
MMSE sense, i.e.
 ∞
x̂(t) =
x(t)p [x(t), t|Zt k ] dx(t).
−∞

The nonlinear Bayesian filter just defined generally possesses
two undesirable characteristics: difficulty to achieve a closedform analytical solution for higher order complicated FPKEs
and infinite-dimensionality. These two issues will be dealt with
separately in the following two sections.
C. Numerical Solutions to the FPKE Via Finite-Difference
Method
Generally, it is extremely difficult to obtain an analytical solution to the FPKE, except in two special cases: 1) when the
solution of the FPKE is stationary and 2) when the SDS has its
pdf in an analytic tractable functional form. In the case when
the FPKE exhibits a stationary solution, the evolving densities
approach a stationary pdf, which settles around a certain mean.
2Z



tk

={z t k , Z t k −1 }.
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Thereafter, as time evolves, the significant values of the pdf
do not move over the state variable domain. However, in certain nonlinear filtering problems (e.g., target tracking), the SDS
rarely exhibits a stationary solution.
This motivates employing numerical techniques to solve the
FPKE. The commonly used methods to solve the FPKE numerically are explicit and implicit finite-difference methods [26],
[27] and finite-element methods [28], [29]. Other candidate
methods include spectral methods [30], probabilistic data association, and multiple hypothesis, multiple frame methods. In
this paper, the explicit finite-difference method is presented for
its ease of implementation and for quick demonstration.
In the finite-difference method, the time and state variable
domains are discretized and defined over a finite number of
equally spaced grid points. Consequently, the partial derivatives
are evaluated at each of the grid points/cells, which are represented as (xj , ti ) = (j∆x, i∆t), 1 ≤ j ≤ k + 1, and i ≥ 0,
where k ∈ N, ∆x is the discretization step in the state variable
domain, and ∆t is the discretization step in time. The following
finite-difference approximations can be used to approximate the
solution of the FPKE in (3)
f (x, ti ) − f (x, ti−1 )
∂f (x, t)
|t=t i −1=
∂t
∆t
∂f (x, t)
f (xj +1 , ti−1 ) − f (xj −1 , ti−1 )
|t=t i −1=
∂x
2∆x
f (xj +2 , ti−1 )−2f (xj , ti−1 )+f (xj −2 , ti−1 )
∂ 2f (x, t)
|t=t i −1=
.
2
∂x
(2∆x)2
The stability condition for the explicit finite-difference
method states that the temporal and spatial grid resolutions must
satisfy the inequality
0 < ∆t

n

i=1

1
1
2 ≤ 2
(∆xi )

(5)

where ∆xi is the grid spacing of the ith state variable.
D. Adaptive State Variable Domain Truncation Algorithm
The fact that nonlinear Bayesian filters employing the FPKE
are generally infinite-dimensional implies that some form of
state-variable-domain truncation would be necessary, when numerical techniques are employed. The most common approach
for domain truncation adopted in literature is to set the statevariable-domain limits very wide in order to ensure that the
significant mass of the pdf would lie within these preset limits
at all time. However, in most practical applications, this would
burden the filter with exhaustive computations that would contribute too little to the overall mass of the pdf. To overcome
the computational burden without sacrificing the estimation accuracy, adaptive state-variable-domain truncation algorithm has
been proposed [7], [31].
The algorithm of adaptive state-variable-domain truncation
employs the Chebyshev inequality theorem, also known as the
Chebyshev bound (CB), along with the moment evolution theorem to “optimally adjust and truncate” the state-variable-domain
limits, and hence the pdf size. This adjustment and truncation
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ensures that the significant mass of the pdf lies within these
limits at every time step; hence, not degrade the accuracy of the
estimates.
The Chebyshev inequality theorem [32] states that given an
arbitrary random variable x, with mean E {x}, and finite variance σx2 , for any λ > 0
1
P {|x − E {x} | ≥ λσx } ≤ 2 .
λ
One way to look at the CB is that it provides an upper bound on
the amount of probability in the “tails” of a given pdf. Therefore,
we may think of the CB as providing an upper bound on the loss
of probability due to truncation of the pdf.
The union bound [32], states that given n events
{E1 , E2 , . . . , En } (not necessarily disjoint), the probability of
the union of these events is less than or equal to the summation
of the events’ individual probabilities, i.e.

 n
n


Ei ≤
P {Ei } .
P
i=1

i=1

Using the union bound, the CB can be generalized to the
case of n random variables [x1 , . . . , xn ], with respective
means

[E {x1 } , . . . , E {xn }] and variances σx2 1 , . . . , σx2 n as

P

n



[|xi − E {xi } | < λi σx i ]

≥1−ε

(6)

i=1

where ε is the design parameter to be selected, given by
ε=

n

1
2.
λ
i=1 i

There are two approaches for solving for ε, one is based on
other Chebyshev-type inequalities, and the other is based on
use of weighted values of λ’s [33]. The approach we employed
is to select {λi }ni=1 ≡ λ, which is rationalized by the fact that
the σ-limits of all the state variables are of equal importance,
hence no preferred weighting is given to one state variable on
the expense of the other.
In order to adaptively find the optimal state-variable-domain
limits, the present and future domain limits need to be calculated. The union of these limits yields the optimal state variable
domain for the complete time pdf evolution, from the present
time through the future time. On one hand, since, at a given time
step, the current pdf is available, finding the first and second moments is straightforward. On the other hand, at a given time step,
the future evolving pdf is unknown; hence, the future first and
second moments cannot be computed as directly. Nevertheless,
future first and second moments may still be predicted through
the moment evolution theorem [25].
Given an SDS characterized by (1), observations made according to (2), and under some boundedness, Lipschitzianity, and independence hypotheses and assumptions, the moment evolution theorem states that between observations, the
conditional mean and covariance of the pdf p [x(t), t|Zt k ]

satisfy
d
E {x(t)} = E {f [x(t), t]}
dt
d
P(t) = E xf T − E {x} ET {f } + E fxT
dt
− E {f } ET {x} + E GQGT

(7)

(8)

where the following shorthand notation has been used in (8),
x = x(t), f = f [x(t), t], G = G[x(t), t], and Q = Q(t). Actually, it was discussed in [7] that in certain cases, we need not
evolve the entire covariance matrix, since computing only the
diagonal terms of the evolved covariance matrix would suffice.
This reduces the number of computations from (n (n + 1))/2
to n, where n is the dimension of the state vector x (t).
In summary, the adaptive state-variable-domain truncation
algorithm consists of the following steps. Given the pdf
p [x(t), t|Zt k ] at time tk , with associated state-variable-domain
limits. First, evaluate the mean vector E {x(t)} and the covariance matrix P(t) from p [x(t), t|Zt k ]. Then, for a chosen
design parameter λ, apply the CB (6) to obtain the current statevariable-domain limits. Next, apply the mean and covariance
evolution theorems (7) and (8) to evaluate the future mean vector and covariance matrix. Equations (7) and (8) can be evaluated
numerically from the pdf available at the current time by means
of numerical integration methods (e.g., Euler). Consequently,
for the same λ apply the CB (6) to obtain the future-statevariable-domain limits. The union of the current- and futurestate-variable-domain limits yields the optimal state variable
domain for the complete time pdf evolution, from the present
time through the future time. The union of these limits should
be used to evolve the FPKE (3).
III. HOSPITABILITY MAP
The earth’s surface is rarely flat and unvarying in a given
search area of large enough dimensions. Hence, it is quite logical to assume that the different terrain a search area may exhibit
should influence where and how the target moves at a specific
locale. This motivates introducing the concept of the HMap to
constrain the search area into regions of higher/lower hospitability for a given class of targets.
A number of US Army programs have worked extensively to
characterize vehicle motion preferences in terms of a quantity
referred to as “hospitability for maneuver” (HM) [24], [34], [35].
These preferences vary with position, weather, vehicle type,
and mission. HM characterizes the ease with which a vehicle
can traverse a particular area and can be used to generate the
preferred heading and velocity with which a vehicle will operate
in an area. HM data are quite fine grained and can vary by an
order of magnitude over spatial scales on the order of tens of
meters, say the width of a road.
Layne et al. [6] defined the HMap as a map providing a
likelihood or a “weight” for each point on the earth’s surface
proportional to the ability of a target to move and maneuver at
that location. Therefore, one may think of the HMap as partitioning the search area into different “contours” depending on how
a particular cell/region is hospitable for a given class of targets.
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Fig. 1.
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Typical HMap.

Here, high HMap values denote that the target can move and
maneuver quickly and easily over the corresponding terrain. In
contrast, low HMap values indicate that the target cannot move
easily over that terrain. A thorough study on the construction
of HMaps can be found in [24]. The following factors are considered while deriving the hospitability value: slope, surface
roughness, transportation, geology, landform, soil, vegetation,
hydrology, urban areas, and climate. Additionally, the HMap
is a function of the nature of the target itself, i.e., there exists
different models for deriving the HMap for different classes of
targets (e.g., cars, tanks, amphibious vehicles, etc.). A typical
HMap is illustrated in Fig. 1, where the HMap values have been
normalized to lie in the interval [0, 1], with 1 being the highest
hospitability index.
Fig. 2 illustrates a typical data flow for terrain analysis that
is used to derive the hospitability index. The process consists of
three main steps. First, raw terrain data are extracted from imagery, maps, literature, or data collected during on-site inspections. These data are analyzed and reduced to a set of terrain
factor products capturing important terrain features and classifications [34]. Second, the terrain factor products are combined
with empirical and doctrinal evidence to generate complex products capturing activities of military significance [35]. Finally,
these factors are combined with analytical models, which capture the capabilities of specific vehicles (usually empirically
derived), to produce the hospitability index [24].
IV. SYNTHETIC INCLINATION MAP
Since the problem under consideration deals with mobile
ground targets moving over a specific search area, it is quite
logical to assume that these targets are not moving randomly and
that they are heading toward certain regions with higher/lower
probabilities. In this respect, we will introduce the concept of
the SIMap, which is a function of the velocity components, and
hence the heading of the target. Specifically, the SIMap is a
two-dimensional (2-D) velocity map in (ẋ, ẏ) defined for each

Fig. 2.

Data flow in terrain analysis.

2-D point (x, y). For a given target located at a particular point
(x0 , y0 ), the SIMap describes how the target will be synthetically
inclined to move in different directions with certain velocity
components. Therefore, whereas the HMap is a function of the
nature of the target and the topography of the search area, the
SIMap is a function of the nature of the target and how the target
“favors” different zones.
Fig. 3 shows a simple way of looking at SIMaps. In a given
search area S, we assume that we are given a priori estimates
about the target initial position, denoted by (x0 , y0 ). Additionally, we will assume that within S, there is a zone Ω where the
target is interested to head toward as fast as possible. Hence, we
say that the target is synthetically inclined to move toward Ω.
Consequently, we may define a weighting function that assigns
a “weight” for each of the velocity component combinations the
target may have.
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SIMap illustration.

The construction of SIMaps depend on several factors. The
nature of the target itself is one important factor in determining the velocity components domain the target may have. For
instance, if the target under consideration is a tank with a maximum speed sm ax , then we can safely assign the SIMap domain
to take positive and negative values of (ẋ, ẏ) satisfying the inequality (ẋ)2 + (ẏ)2 ≤ sm ax , as we are sure that the target
cannot move with higher velocity components. Another consideration affecting the construction of SIMaps is tactical background information. For instance, we can subdivide the search
area into different zones, such as zones where the target would
like to reach as fast as possible (e.g., regions where there are
enemy troops the target would like to attack), zones where the
target would like to escape from as fast as possible (e.g., regions where the target might have a priori information that they
will be struck soon), zones where the target would like to stay
stationary at (e.g., hiding regions), and zones where the target
would have different ẋ and ẏ velocity components (e.g., roads
and railroads) [7].
It is worth noting that after the SIMaps were first introduced
in [7] and [23], somewhat similar approaches have been proposed, referred to as the vehicle preference, which are derived
from target activity analysis [8]. The generation of activityspecific products is an advance over classical terrain analysis
and intelligence preparation procedures. These products capture interactions between activity requirements (e.g., need for
hide site) and constraints or opportunities provided by local
terrain.
V. IN-SURVEILLANCE AND OUT-OF-SURVEILLANCE
TARGET-TRACKING ALGORITHM
This section integrates the concepts developed in Sections
II–IV. First, we combine the HMap and SIMap into a 4-D map
in (x, y, ẋ, ẏ). The combined HMap–SIMap may be understood
by fixing the (x, y) coordinates at a particular point (x0 , y0 ) and
varying the velocity components (ẋ, ẏ) over their domain. To
illustrate this concept, assume that the velocity components are
restricted to the discrete values: {0, ±1, ±2, ±3}. Consequently,
each fixed point in the 2-D HMap layer will be associated with
a 2-D SIMap layer, as demonstrated in Fig. 4. Note that there
are 72 different velocity components combinations the target
may have, each represented by a vector with corresponding
magnitude and direction.

Fig. 4. Relationship between the HMap and SIMap layers. For each fixed
point (x0 , y 0 ) on the HMap layer, an associated SIMap is constructed.

Next, we will couple the combined 4-D HMap–SIMap with
the nonlinear Bayesian filter derived in Section II. The algorithm objective is to produce target state estimates for insurveillance and out-of-surveillance mobile ground targets. For
the in-surveillance case, whenever a UAV detects a mobile
ground target using its onboard sensors, the optimal nonlinear Bayesian filter derived in Sections II should take over and
produce target state estimates. However, once the target goes
out-of-surveillance, the filter cannot update the pdf anymore,
since no new observations are being made on the target. Consequently, we will define the following update equation:
p+ [x(tk ), tk ] =

1 −
p [x(tk ), tk ] · c−1 (x)
a

(9)

where p+ [x(tk ), tk ]| and p− [x(tk ), tk ]| are the updated and unupdated pdfs at time tk , respectively, and a is a normalizing
constant to ensure that the pdf p+ [x(tk ), tk ] integrates to 1.
The combined HMap–SIMap cost function c(x) is essentially a 4-D array, defined for all points x0 , where x0 is
the state vector x evaluated at a particular point x0 . In particular, x0 = [x0 , y0 , ẋ0 , ẏ0 ]T , ∀ (x0 , y0 ) ∈ S and ∀ (ẋ0 , ẏ0 ) ∈
[−vm ax , +vm ax ], with S being the search area under consideration and vm ax being the maximum x or y velocity component
the target may have.
The inverse of the cost function c(x) will be defined as a linear
combination of the hospitability weight and the exponential
of the negative Euclidean norm between a given point x0 =
(x0 + ẋ0 ∆t, y0 + ẏ0 ∆t) and a boundary condition (final point)
xf = (xf , yf ), with ∆t being the discretization time step. In
particular, c−1 (x) will be defined as
c−1 (x0 ) = α H (x0 , y0 ) + γ e−δ
δ=

[xf − (x0 + ẋ0 ∆t)]2 + [yf − (y0 + ẏ0 ∆t)]2

where α and γ are weighting scalars, x0 is the 4-D point defined
previously, H(x0 , y0 ) is the hospitability weight at x0 , and δ =
xf − x0 2 is the Euclidean norm between the final point xf
and the point the target would reach if it moves from (x0 , y0 )
with velocity components (ẋ0 , ẏ0 ) in ∆t time step. Note that
the weighting scalars α and γ can be selected according to the
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(xt , yt , 0), (2) simplifies to
zt k = [ rt k

h[x(t), t] =

φt k ]T ,

Rt k = diag[σr2 , σφ2 ]

(∆xu t )2 + (∆yu t )2 + zu2


∆yu t
tan−1 ∆
xu t

where ∆xu t = xu − xt and ∆yu t = yu − yt . Through a spherical to Cartesian pdf function transformation, we can extract
from the initial observation, zt 0 , the initial state variable pdf
p [x(t), t|Zt 0 ] that will eventually evolve with time. For simulation purposes, we will assume that the marginal pdfs p (x˙t ) and
p (y˙t ) to be independent and uniformly distributed over the different velocity components. Assuming that the initial position
pdf p (xt , yt ) and the initial velocity pdf p (x˙t , y˙t ) to be jointly
independent, and after some derivation, it can be shown that the
initial pdf is given by
p=

1
1
.
(2vx,m ax ) (2vy ,m ax )
×

Fig. 5.

Filter block diagram.

respective weighting we want to associate the hospitability term
with versus the synthetic inclination term. Fig. 5 summarizes
the dual-mode algorithm for tracking an in-surveillance and
out-of-surveillance mobile ground target.
VI. SIMULATIONS AND RESULTS
A. Filter Derivation
The ground target will be assumed to be moving in the 2-D
Cartesian xy-plane according to the linear motion model with
nearly constant velocity, where the acceleration is modeled as a
stationary white Gaussian noise. The target states will be defined
to be the Cartesian (x, y) position and velocity. So

×

The target tracking will be realized via the onboard sensor(s)
of a UAV flying in the 3-D Cartesian xyz-space also according
to the nearly constant velocity model. The UAV may detect
the target, and hence produce observations, if the target falls
within a predefined rectangular footprint of the UAV sensors.
The measurements provided by the UAV sensors are the range
r, and the bearing angle φ, both corrupted by additive white
Gaussian noise. Note that the measurements are produced with
respect to the UAV as being the origin of the spherical coordinate
frame system, defined by the triplet (r, θ, φ). Hence, given that
the UAV is located at (xu , yu , zu ) and the target located at

√
1
− (∆ x u t ) 2 +(∆ y u t )
e
2πσr2
1

e−[tan

−1

+z u2 −r (0)

/2σ r

(∆ y u t /∆ x u t )−φ(0)] 2 /2σ φ2

2πσφ2

∂p
∂p σq2 ∂ 2 p σq2 ∂ 2 p
∂p
= −ẋ
− ẏ
+
+
∂t
∂x
∂y
2 ∂ ẋ2
2 ∂ ẏ 2

x(t) = [x(t), y(t), ẋ(t), ẏ(t)] ,


0
.
σq2

(∆xu t ) + (∆yu t )2 + zu2
2 2
2

where vx,m ax and vy ,m ax are the x and y maximum velocity components the target may have, respectively, {x˙t , y˙t } ∈
[−vm ax , +vm ax ], {xt , xu , yt , yu } ∈ (−∞, +∞), zu ∈ R+ , r ∈
[zu , ∞), and φ ∈ [−π, π). The boundary conditions (B.C.) of
the pdf are the Dirichlet conditions, i.e., the solution at the
boundaries are kept constant at 0. These boundaries are usually
defined at ∞, but since we are dealing with numerical methods,
we set the B.C. to be defined at the limits obtained from the CB
as described in Section II-D.
The filter predictor equation (3) is readily evaluated as

T

f [x(t), t] = [ẋ(t), ẏ(t), 0, 0]T


0 0
 2
σq
0 0
G[x(t), t] = 
Q(t) =
,
0
1 0
0 1

1
2

(10)

where we used the shorthand notation p = p [x(t), t|Zt k −1 ] for
simplicity of notation. By applying the finite-difference approximations discussed in Section II-C, we can approximate the
solution of the FPKE pde in (10) as
p (k + 1, i, j, m, n)
= p (k, i, j, m, n) −
+

∆t σq2
2 (2∆ẋ)

2

C+

∆t ẋ
∆t ẋ
A−
B
2∆x
2∆x
∆t σq2
2 (2∆ẏ)2

D

A = p (k, i+1, j, m, n)−p (k, i−1, j, m, n)
B = p (k, i, j +1, m, n)−p (k, i, j −1, m, n)
C = p (k, i, j, m+2, n)−2p (k, i, j, m, n)+p (k, i, j, m−2, n)
D = p (k, i, j, m, n+2)−2p (k, i, j, m, n)+p (k, i, j, m, n−2)
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where p (k, i, j, m, n) stands for the probability p{[x(tt k )|
Zt k ] = [i∆x, j∆y, m∆ẋ, n∆ẏ]T }.
In order to apply the adaptive state-variable-domain truncation algorithm presented in Section II-D, we need to evaluate the current and future mean vectors and covariance matrices. On one hand, the current-state-variable-domain limits can be found by applying the CB (6), which evaluates to xi (t) ∈ (E {xi ( t)} − λi σx i (t), E {xi ( t)} + λi σx i (t)),
where E {xi ( t)} and σx i (t) are the mean and standard deviation associated with the ith state variable xi (t), respectively.
On the other hand, applying (7) from the mean evolution theorem, and using Euler approximation to compute the derivative,
we get the future mean vector components as
E {x(t + ∆t)} = E {x(t)} + E {ẋ(t)} ∆t
E {y(t + ∆t)} = E {y(t)} + E {ẏ(t)} ∆t
E {ẋ(t + ∆t)} = E {ẋ(t)} ,

E {ẏ(t + ∆t)} = E {ẏ(t)} .

Before proceeding to compute the future covariance matrix,
we note that in order to apply the CB to find the future state
variable domain, all what we still need to find are the standard
deviations σx (t + ∆t), σy (t + ∆t), σẋ (t + ∆t), and σẏ (t +
∆t). These standard deviations are nothing but the square roots
of the diagonal of the evolved covariance matrix. Employing
Euler approximation in (8) yields
σx2 (t+∆t) = σx2 (t)+[2 E {x(t) ẋ(t)}−2 E {x(t)} E {ẋ(t)}]∆t
σy2 (t+∆t) = σy2 (t)+[2 E {y(t) ẏ(t)}−2 E {y(t)} E {ẏ(t)}]∆t
σẋ2 (t+∆t) = σẋ2 (t)+σq2 ∆t,

σẏ2 (t+∆t) = σẏ2 (t)+σq2 ∆t.

Therefore, the future-state-variable-domain limits evaluate
to xi (t + ∆t) ∈ (E {xi ( t + ∆t)} − λi σx i (t + ∆t), E {xi ( t +
∆t)} + λi σx i (t + ∆t)). The union of the current and future
limits yields the state-variable-domain limits for the complete
evolution time.
When coding the adaptive algorithm, the following observation is realized. Since the new lower and upper domain limits
could be a stretched, contracted, and/or translated version of the
old lower and upper domain limits, we have to consider (2n)2
cases in order to ensure proper domain assignment, where n is
the number of state variable domains to which we are applying
the adaptive algorithm. Essentially, all the cases fall under two
main themes, the first being that the new lower/upper limits are
smaller than the old limits, while the second being that the new
limits are larger than the old limits. In the first case, we should
truncate the old pdf, whereas in the second case, we should
lengthen the old pdf by zero-padding.
B. Results
The target and UAV initial positions were set at (0, 0, 0) and
(−1200, −3200, 900), respectively. The velocity state variables
(ẋ, ẏ) were restricted to the set {0.0, ±0.5, ±1.0}. For this domain, the grid spacing in (ẋ, ẏ) is ∆ẋ = ∆ẏ = 0.5. The grid
spacing in (x, y) were chosen to be ∆x = ∆y = 1. The temporal resolution was chosen to be ∆t = 0.04, in accordance
with the stability condition in (5). Since the sizes of the velocity

domains were relatively small, we opted to apply the adaptive
algorithm to the position domains only.
Two scenarios were simulated. The first assumed that the
mobile ground target is in-surveillance. The noisy observations
made on the target were filtered through three filters: two nonlinear Bayesian filters (with and without domain truncation) and an
EKF. The nonlinear Bayesian filter without domain truncation
employed only the filter block shown in Fig. 5, while setting the
x and y limits wide enough to ensure that the significant mass
of the pdf lied within these limits at all time. The question that
arose when setting these static limits was: how to characterize
“wide enough”? Several factors were considered. First, the noise
statistics of the system under consideration. This is due to two
reasons: 1) as the system becomes noisier, the evolving pdf will
tend to “wander” around more and 2) as the measurements become noisier their corresponding pdf will be “spread-out” more.
Second, the duration over which we wish to run the filter, since
as we track a mobile target for a longer period of time, the pdf
will evolve over a larger domain. Third, the resolution of the
grid.
For the tracking problem in hand, we wanted to run the filter for 100 iterations. Upon calculating the pdf p (x, y) from
p (x, y, ẋ, ẏ) and plotting its evolution, we found the lower and
upper limits to be (xl = −100, yl = −50) and (xu = 100, yu =
150), respectively. Consequently, the size of the 4-D pdf that
needed to be maintained for the nonlinear filter that is uncoupled with the domain truncation algorithm is 200×200×5×5 =
1×106 . As for the nonlinear filter that is coupled with the adaptive algorithm, the significance level was chosen
√ to be 99% of
the overall mass of the pdf, thus yielding λ = 200.
Figs. 6 and 7 show the mean-squared estimation error (MSEE)
in the x and y positions of the target, respectively, for 50 Monte
Carlo (MC) simulation runs for the following datasets: noisy
observations, EKF estimates, and untruncated and truncated
Bayesian nonlinear filter estimates. It was found that the error
induced in the x and y position estimates due to pdf truncation
had a mean of 2.3 × 10−4 and 7.5 × 10−5 , respectively, and
variance of 2.5 × 10−9 and 3.9 × 10−10 , respectively. Fig. 8
illustrates the computational load of each of the Bayesian nonlinear filters for 50 MC runs. The computational load is defined
as the size of the 4-D pdf that needs to be maintained at every
time step.
The following observations can be made. First, the superiority
of the nonlinear filter estimates versus their EKF counterparts
is noted. Second, the estimates produced by the truncated and
the untruncated versions of the nonlinear Bayesian filters were
pretty close, and the induced error in estimation due to truncation
is almost negligible. This is due to the fact that the CB is a loose
bound; hence, even though we have set the significant mass of
the pdf to 99%, the new limits will tend to ensure a much higher
pdf mass. The computational load reduction due to truncation
was tremendous, however.
The second scenario assumed that the target went out-ofsurveillance after it was detected by the UAV sensors. Hence,
the pdf is now updated through the HMap–SIMap updating
algorithm that was outlined in Section V. We used the HMap
shown in Fig. 1 for this scenario. The location at which the
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Fig. 6. MSEE in x-position for noisy measurements, EKF estimates, and
untruncated and truncated Bayesian filters.
Fig. 9.

Pdf propagation of target position with HMap term alone.

Fig. 7. MSEE in y-position for noisy measurements, EKF estimates, and
untruncated and truncated Bayesian filters.

Fig. 10.

Fig. 8.

Computational load of untruncated versus truncated Bayesian filter.

Pdf propagation of target position with HMap and SIMap terms.

target went out-of-surveillance was at (15, 15) and we assumed
that the target was interested to head toward the boundary point
(40, 40). Two cases have been studied. The first propagated the
pdf in the proposed filter for 40 iterations, but the cost function
consisted of the HMap term alone. The second propagated the
same pdf in the proposed filter for 40 iterations, but the cost
function consisted of both the HMap and SIMap terms. Figs. 9
and 10 illustrate the resulting pdfs, where the color bars represent
the pdf value p(xi , yj ) (in percent) ∀(i, j) ∈ S. It can be seen
that the pdf resulting from the incorporation of the HMap term
alone yielded a pdf that is splitting at the junction of the two
roads, since they are both less costly (as hospitable) for the pdf
to propagate through. However, when incorporating the HMap
term along with the SIMap term, the pdf did not split into the
two junctions, since the SIMap term was redirecting the pdf to
move toward the boundary point rather than merely following
the hospitable cells in the search area.
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Further simulations showed that if we merely propagated the
pdf without constraining it through neither the HMap nor the
SIMap resulted in a pdf that kept diffusing over time in all
directions; hence, making the probable areas at which the target
may be located larger and larger. However, in the presence of
the HMap-only, the evolving pdf was more constrained, yet it
kept “splitting” whenever a junction of road segments and/or a
junction of relatively equally hospitable regions were present in
the search area. Finally, the incorporation of the SIMap along
with the HMap constrained the evolving pdf even more, which,
in turn, aided the same or another UAV to recapture the target
in a shorter period of time.
VII. CONCLUSION
This paper presented an algorithm for estimating the states of
in-surveillance and out-of-surveillance mobile ground targets.
For the in-surveillance case, an optimal nonlinear Bayesian filter was presented. Two setbacks are typically associated with
this filter, namely difficulty to achieve closed-form analytical
solutions and computational burden. To overcome the first setback, a numerical approach based on finite-difference approximation was presented. To overcome the second setback, an
adaptive algorithm was presented and coupled to the filter to
reduce the computational burden tremendously, while not sacrificing the accuracy of the estimates. For the out-of-surveillance
case, an update algorithm exploiting the concepts of HMaps
and SIMaps was introduced and coupled to the filter derived for
the in-surveillance case. Simulations showed that incorporating SIMaps along with HMaps yielded more constrained pdfs
over the case where HMaps were present alone in the update
algorithm. This is particularly true whenever the search area exhibited a junction of road segments or equally hospitable terrain
within the same neighborhood.
Further research is suggested to extend this work to the multitarget case. In addition, further research is suggested in the
line of work of constructing SIMaps, particularly to construct
and simulate SIMaps for the case where several favorable zones
are present within the search area. Moreover, further research
is contemplated in the line of work of integrating the HMap
and SIMap concepts into the target kinematics model. In particular, the HMap can be integrated as a position-dependent
transition function, whereas the SIMap can be encoded as the
target’s reactive decision policy (i.e., the control input as a function of state). Finally, the authors believe that the concept of
limited-memory filters that are usually adopted whenever the
SDS dynamics are not precisely known would be useful to implement and test within the optimal nonlinear Bayesian filter
derived in this paper.
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